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Abstract. WecallL = %-ﬁ-u a Schidinger-like differential operator and derive some explicit
formulae for the powers or iterations’ (n =1,2,...) of it.

1. Introduction

It is desirable for several purposes to have an explicit formula for the powers or iterations
L"=LL...L (ntimes) of an ordinary linear differential operator of the simple form

L=D +u 1)

where D = % andu = u(x) is a function. There is one independent variablevhile the
numberN of dependent variables is arbitrary. Thus, we assume u(x) to be N x N

matrix valued. The scalar case is included with= 1. For some low values of such
operators have many mathematical and physical applications. The eadeis important
since every linear (autonomous) evolution equation can be brought into the form

(D+u)y=f. 2
The caser = 2 concerns the time-independent one-dimensional&ihger operator
L=D?+u. (3)

There is an abundance of applications and ramifications of the latter. In particular, let us
mention the relation, via the inverse scattering method, to the Korteweg—de Vries (KdV)
equation

ur = 6’/”/[)( + Uxxx (4)
or, more generally, to the KdV hierarchy of solitonic partial differential equations
0
ug = 8_Gn[u] (5)
X
The latter admits the Lax representation [1, 2]
L =[An, L] (6)

where L is the one-dimensional Sdbttinger operator (3) and, is a linear differential
operator of the order/2+ 1, the coefficients of which are differential polynomialsiinin
particular, we have fon = 1

Ay = 4D+ 3uD + 3Du )
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and (6) becomes the KdV equation (4).
Since equation (1) generalizes the one-dimensionalf8atger operator (3), we propose
to call it a Schiodinger-like differential operatorand u = u(x) the potential Forr = 4
there are also physical applications, for example, in the theory of elasticity. It is a challenge,
from a mathematical point of view, to construct an explicit formula £6rfor generalr,
that is an expression for the coefficients of the linear differential opefatoiThis is what
we shall do in this paper. Our investigation is partly inspired by Torriani’'s paper [3].

2. An explicit formula for L™

Let us start with some general formulae for the powers of the sum of two linear operators.

Proposition 1.Let A : V — V,B : V — V be two linear operators acting on a vector
spaceV. There holds

(A+ B)" = Z Z A™BA™BA" .. BA" (8)
p=0no,n1,...,
where the inner sum runs through all integegs > 0,n1 > 0,...,n, > 0 such that

no+ni+---+n, =n—p. For p =0 the inner sum equals, by definition, the single term
A",

Proof. There is a combinatorial argument behind the above, but we prefer to use a more
transparent proof by means of mathematical induction. Let ud.setA + B. A simple
induction shows

n
n_ A" 4 ZmelBAnfm.
m=1

Initially we take this formula and then insert the following into it

m—1
Lm 1 Am l+ Z Lml 1BAm 1— Wl]_
mp=1
Then into the latter formula we insert
mp—1
Lml 1 Aml 1+ Z Lmz 1BAWL1 1- npy
mo=1

and so on. In thepth step, we have to treat

n mp—1 mp—l_l
§ § § L™~ ipA™-lmme g g Ao
mo=1mi= mp—1

in order to reduce the powers af Owing to the condition
1<my,<mpy1<---<m<mo<n

the procedure stops at=n — 1 where
my_1=1 My_2=2,...,mg=n~n

and we omit the powers df. Finally, the index transformation

no=mp_1 ng=mp_1—1-—m, npg=mp_o—1—m,_1,....,n,=n—mg

gives the result. U
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Next we apply our formula td. = A + B = D" + u. Multiplication by a functionu is
notationally identified withu.

Proposition 2.The powers of a Scbdinger-like operatol. = D" + u are given by

L'y=ym+) D D@D™uD™. .. (uym,) )

p=1no,na,..., np

where the inner sum runs through all integegs > 0,n; > O,...,n, > 0 such that
no+ny+---+n,=n-—p.

Proof. InsertA = D", B = u into (8). O

We now arrive at out main result. We abbreviaje:= D*u for k =1,2,..., ug:=u.

Theorem 1.The nth power of anrth-order Schidinger-like operatol. = D" + u is given
by

n
Ly =ym+ Z Z Craky.. oy Uk Ui - - - Uk, Vo (10)
p:l ko,kl....,kp
where the inner sum runs through all integégsk, ..., k, such thatko, k1,...,k, >

0,ko+ k1 +---+k, = r(n — p), and where the coefficients are equal to

rmo \ ((rmy—ky\ (rmz —ki — k2
Ck1,k2~~~kp = Z < k]_ ) ( k2 ) ( k3 >
mp

mo,may,...,

”<rm,,—k1;p~-~— p—l>. (11)

Here the sum runs through all integens, my1, ..., m, such that 0< mo < my < -+ <
m, =n—p.

Proof. We apply the iterated Leibniz rule to (9). Namely in the first step we insert

D’"O(uzl) _ Z (V]:lo) Mlerno—k1Zl

ko \ 1

and in the second step we set

Drn07k121 — Dr(n0+n1)7k1(MZ2) — Z (r(n() + nl) - kl) Dr(n0+n1)7k17kzzz
k20 kz

with suitable abbreviationg,, Z,, and so on. Note that the sum over> 0 effectively
ends ak, = rng and the sum ovet, > 0 ends ak, = r(ng+n1) —k1, because the binomial
coefficients vanish for higher valuesiafor k,. The final step of this mathematical induction
reads

Dr(n0+”1+'"+np—2)_kl_"'_kp—lZp_l — prottn, ) —ki—-—kyq (Man,,)
r(ng+ni+---+np 1) —ki—---—kp
= Z ( ];< ’ Uk, Yr(no+-+n,)—ki—--—kp
P

kp>0
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where the sum runs throughQ k, < r(no+n1+---+np_1) —ky —--- —kp,_1. Here
no+ni+---+n, =n— p and we introduceyq :=r(n — p) —ky —--- — k,. Hence

rng \ [ r(ng+ny) — k1
py=tdy X s (W) ()
k1. koo =0

no,ni,....,np >0
n0+111+ +np=n—p

r(no+ni+nz) — ki —kz r(no+---+np) —k1—---—ky1
x
ks k,
XUk Uy - - - ukpyko. (12)

Let us introduce the new summation indices
mo =ng, M1 =no+ni,my=ng+ny+nz,...,m, =no+ny+---+n,.
They are then subject to

O<mo<mi<mp<---<mp=n—p

and only to these conditions. Finally, the summation owey,m1,...,m, and the
summation oveky, ko, ..., k, can be interchanged and we arrive at
n
Lny = Y + Z Z CklkZMkpuklukZ - Uk, YVig (13)

p=1 ko,k1, ...,kp >0

where the coefficient€’,. x, have the accounced form (11). O

Let us present some of the terms in theorem 1 more explicitly. There holds

(n—1r (n—2)r
L'y =yu+ Y CatiYovrk+ Y, CokliglliYn-2r—ka—ty + -+ u"y
k=0 k1 k=0

where the intermediate dots indicate the terms of degree greater than 2 and lesdrthan
u and where

= £1)- () ()

B (rm rmi—k
2 1— k1
G =2 3 (1) ("),
m1=0m>»=0

Note that forp = n we havekg = k; = --- = k, = 0 and the single coefficiertyg o = 1.

The terms of the inner sum of (10) are in one-to-one correspondence with number-theoretical
partitions. More precisely, in the general non-commutative case the terms correspond to
vectors(ko, k1, . .. k,) of integersko, k1, . .., k, such that

ko, k1,...,k, =20 and ko+ki+---+k, =r(n—p).

Proposition 3.The inner sum oveko, ki, ..., k, in (10) has exactl;(’("*]f””) terms.

Proof. The number of ordered partitions of an integemto s non-negative integers equals,
according to textbooks of combinatorig4,~; ") [4,5]. Here we insertr = r(n — p), s =
p+1 O

In the special commutative case some terms can be added together to form a new term.
The new terms correspond to unordered partitiorv@f — p) into p + 1 non-negative
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integers. Unfortunately, there is no practical closed formula for the number of unordered
partitions. Clearly, the total number of terms on the right-hand side of equation (10) equals

Y r(n—p)+p>
("

Let us specialize our result to= 2, that means present an explicit formula for the powers
L" of the one-dimensional Sdabdinger operatol. = D? + u. We find

n
L"=(D?+u)" =D+ > Cigtypk Uiylli - - - ux, D (14)
p=1 ko.k1, ...k,
where

- 2mo \ (2m1— ki) (2mz — k1 — k2
Cuaka. b, = Z ( k1 ) ( k2 ) ( ks )
mp

mo,miy,..., p

2m, —ky— - — k1
. k .

The non-negative summation indices are subjeckote- k1 + --- + k, = 2(n — p) and
mo<mi< - < mp=n-—p.

3. An alternative formula for L™

Schimming [6, 7] derived an explicit formula for the right-hand sides of the KdV hierarchy
(5) or (6). He used a special symbolism in order to present a non-recursive expression
for the differential polynomialsG,[u] (n = 1,2,...). This method also works in our
case. Namely, let us abbreviate, as before, iiederivative ofu = u(x) by u; = u®
(k=0,1,2,...) and let us supplement this by the formal definitions

u_1=0,...,u1,=0 u_, =1

Furthermore, we set

ek, 1) = <’;) + 8t

where the second term is a Kronecker symbol.
Theorem 2.There holds
L'y= Y <1_[C(ki—17 ki)ukil—ki))’kn (15)
k1,k2,....k, Ni=1
where the sum runs through the integeysko, .. ., k, such that

O<ki<ki_1+r fori=1,2,....,n, ko=0.

Proof. Let us set herg,, := L"y. Then

Ynt1 = Lym = y((;; + uym
k+r

k
k k k ! 7
s =t 32 (4 oty = St

=0 =0
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Thus, we have some linear recursion equation for the double seqt@ﬁ{:}e n,k =
0,1,2,...). This recursion can be solved by means of mathematical induction. The first
two steps read

k+r

® (k)
y(n) = Z C(k, kl)uk—kly(nl—l)
powr

k+r ki+r

=Y "> clk. kn)e(ky, k)i, ky 1Y )

1=0ko=0
and the procedure stops aftersteps:

ko+r kn_1+r
k kn
Yo = §j Z c(ko, k1) ... c(kn—1. kn)tlio—ty - - - Uty—t, 1 V0] -

The result follows by some rearrangement and by setting 0, v, = yi,. y(y) = L".

Formula (14) is not as simple as it appears to be, because each coeffikientk;) involves
two or three cases:

ck,l) = (?) forl <k ck,)=1forl=k+r c(k,l) = 0 otherwise

We can rewrite (14) in the form

L'y =" Pelulw
k=0
where
Phlul= ) (Hc(ki_l, kl)ukil_k,) ko=0, k, =

kykz,okyog N i=1
(]

The following might be seen as a curiosity; we mention it for the sake of completeness.
Define an infinite matrixXtV = (uy) for k,1 =0,1,2,... by

k ,
uk1=(1>uk 1+8k+.

Denote the elements &f” = UU ... U (n times) byu.”. Then
Pyl = ugy.

4. Discussion

Torriani [3] discussed the one-dimensional Sehinger operatol. = D? + u in the scalar
case. He presented recursion formulae with respestftr the coeff|C|ent37k L

n

n, __ (n)
L y - Z Z ckl,kz _____ kpukl...ukz...ukpyko.

p=0ki,k2,..k,

We are not able to generalize Torriani’s recursion to the general EaseD" + u; we
think that our explicit formulae are more useful. Schimming and Rida presented [8] an
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explicit formula for the powerd.” of a first-order operatof. = D + u in terms of the Bell
polynomialsB,(n =1, 2, ...). Namely, we showed

n
L' = Z (Z) Bi(u,u', ..., u""Vypr*

k=0
whereBy = 1, B; = y;, and

- - n—1 np—1
Bn(yl’yZ,-.-,yn)ZZ Z ( no )( 2113 )

d=1 na,..., I‘l(1=1

ng-1—1
N ( 1 ) yndynd,l—nd cet ynz—ng,yn—nz
ng

for n > 2, cf [8] for details.
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